Abstract. We study the conjecture that if I, J are µ−primary in a regular local ring (R, µ) with dim(R) = n, then I∩J IJ ∼ = Tor 1 (R/I, R/J) needs at least n generators, and a related conjecture about the number of generators of the first Koszul homology module of an Artinian local ring (A, m). In this manuscript, we focus our attention on the complete intersection defect of the Artinian ring and its quotient by the Koszul elements. We prove that the number of generators of the first Koszul homology module of x 1 , ..., x n ∈ m on an Artinian local ring (A, m) is at least n + cid(A) − cid( A (x1,...,xn)A ), where cid A denotes the complete intersection defect of the Artinian local ring A.
Introduction
We study the conjecture that if (R, m) is a regular local ring, I + J is m-primary, and R/I, R/J are Cohen-Macaulay, then Tor 1 (R/I, R/J) needs at least ht(I) + ht(J) − n generators. The conjecture follows in the equal-characteristic case from the conjecture that the number of generators of H 1 (x 1 , ..., x n ; A) is at least n, where (A, m) is an Artinian local ring and x 1 , .., x n ∈ m.
First we recall several concepts in commutative algebra.
. We give several properties of the Koszul complex.
Proposition 5. An A-linear map f : M −→ N induces, in a covariantly functorial way, a map of Koszul complexes K • (x; M) −→ K • (x; N), and, hence, a map of Koszul homology H • (x; M) −→ H • (x; N). If M = N and the map is multiplication by a ∈ A, the induced map on Koszul complexes and on their homology is also given by multiplication by the element a.
This is obvious from the definition of Koszul homology: see Section 1.6 in [BH] .
Corollary 6. I = Ann A M kills all the Koszul homology modules H i (x; M).
Proposition 7. (x 1 , ..., x n )A kills every H i (x 1 , ..., x n ; M)
A proof is provided in Section 1.6 in [BH] . We can characterize the Koszul complex K(x; A) from the point of view of exterior algebra. A) . Note that the formula for d i comes from the fact that it is derivation on the exterior algebra, namely
The following conjecture motivates the study of the minimal number of generators of H 1 (x; A) when A is an Artinian local ring.
Conjecture 9. Let (R, m) be a regular local ring with Krull dimension n. Suppose I + J is an m−primary ideal in R and R/I, R/J are Cohen-Macaulay. Then Tor 1 (R/I, R/J) needs at least ht(I) + ht(J) − n generators. In particular, if I, J are two m−primary ideals, then Tor 1 (R/I, R/J) needs at least n generators.
Conjecture 10. If (A, m) is Artin local, x 1 , .., x n ∈ m, then H 1 (x; A) has at least n generators as an A-module.
The fact that the latter conjecture implies the first is one of the reasons we study the minimal number of generators of the first Koszul homology module.
Discussion 11. We note that Conjecture 10 reduces to the case where the Koszul elements x 1 , .., x n are minimal generators of the ideal they generate. If not, by applying an invertible matrix N(see Remark 8) to x 1 , ..., x n we may assume x n = 0. In this case K • (x 1 , ..., x n−1 ) is the homology of the mapping cone of the 0 map from K • (x 1 , ..., x n ; M) to itself, which implies K 1 (x 1 , ..., x n−1 , 0; M) ∼ = K 0 (x 1 , ..., x n−1 ; M) ⊕ K 1 (x 1 , ..., x n−1 ; M). Applying this to M = A yields the result.
Proposition 12. Conjecture 10 implies conjecture 9 in the equi-characteristic case.
The proof uses Serre's method of reduction to the diagonal: [S] , pages V-4 through V-6
Remark 13. R, I, J as in the proposition above, if R contains a field, we may replace R byR, and thenR ∼ = k[[X 1 , ..., X n ]], the formal power series ring, and m = (X 1 , .., X n ). By Serre's result in reduction to the diagonal,
and I e and J ′e are the extensions of I and J ′ to S.
We give the proof of Conjecture 9 from Conjecture 10.
Lemma 14. If x is a regular element on M, then H i (x, y 1 , ..., y n ; M) ∼ = H i (y 1 , .., y n ;
M xM
).
A proof can be found in Section 1.6 in [BH] .
Proof of Conjecture 9 from Conjecture 10. Recall that ν(M) denotes the least number of generators of a module M. First enlarge k to an infinite field by replacing (R, m) by R[t] mR [t] . The hypothesis and conclusion are not affected. We have
Then by the results of [S] , B is a Cohen-Macaulay ring of dimension δ = dim(
gives a resolution of S/(Z). Tensoring this resolution with B gives Tor S i (B, S/(Z)), but it also gives the H S i (Z; B) Now that k is infinite, we can choose δ k-linear combinations of X i − Y i that form a regular sequence on B, say z 1 , .., z δ , and let z 1 , ..., z n extend this to elements that span the same k-vector space as the X i − Y i .
where the last congruence is a result of iteration of Lemma 13. But B z 1 ,...,z δ is Artinian local. Therefore, by Conjecture 10, it will need n−δ = n−(n−ht(I)+n−ht(J)) = ht(I)+ht(J)−n generators.
We need the following well-known fact.
Lemma 15. Given a finite complex
has finite length, the alternating sum of the lengths of homologies equals 0, i.e.
Theorem 16. Suppose (A, m) is local, x 1 , ..., x n ∈ m, M is finitely generated, and
A proof can be found in [S] .Théorème 1, page V -12 For Conjecture 10, the cases when n = 1 or 2 are known. We include the argument for the convenience of the reader.
Proof of Conjecture 10 when n = 1 or 2. When n=1, H 1 (x; A)is just Ann A x, since x ∈ m and A is Artinian, so m consists of zero divisors, thus, Ann A x = 0, so it has to be generated by at least 1 element as an A-module. When n=2, suppose ν(H 1 (x; A)) < 2, then it is cyclic. Since A is Artinian, every finite module has finite length, and the Euler characteristic of the Koszul complex is 0. Thus, by Theorem 15, l(H 1 (x 1 , x 2 ; A)) − l(
) − l(Ann A (x 1 , x 2 )) = 0. We know Ann A (x 1 , x 2 ) = 0, so ν(H 1 ) = 0, and if H 1 (x; A) is cyclic, then since it is killed by (x 1 , x 2 ) by Proposition 7, it is a quotient module of A/(x 1 , x 2 ). Therefore, l (H 1 (x; A) ) ≤ l (A/(x 1 , x 2 ) ). But, as we noted earlier, l(Ann A (x 1 , x 2 )) > 0, so the alternating sum l(H 1 (x 1 , x 2 ; A)) − l(
) − l(Ann A (x 1 , x 2 )) < 0, a contradiction. Thus, we have ν(H 1 (x 1 , x 2 ; A)) ≥ 2.
main result
Theorem 17. (Main Theorem) If (A, m, k) is an equicharacteristic Artinian local ring, and
Fix a coefficient field k ⊂ A. Suppose y 1 , ..., y m is a minimal set of generators of the maximal ideal of
Let a denote ker(θ) and I denote ker(θ). Then we have a map π :
, where X i → 0, Y i → y i . Therefore π(a) ⊂ I. Let φ : a → I denote the restriction of π to a.We claim φ is surjective because for any F ∈ I, if we abuse notation and write F as its image in the obvious injective map from
Lift the a i to some G i ∈ T , thenF j = F j − X i G i ∈ a. Therefore, we have the following commutative diagram:
Note that the rows are exact. Before we prove the theorem, we shall prove several lemmas. We want to find polynomials F 1 , ..., F m such that they form a part of a minimal set of generators of I = ker(θ) and they are also a system of parameters in k[[Y 1 , ..., Y m ]]. By a standard prime avoidance argument, we have the following lemma.
Lemma 18. There exist elements F 1 , ..., F m such that they form a part of a minimal set of generators of I and they are also a system of parameters in
Proof. Suppose g 1 , .., g i are minimal generators of I that are part of a system of parameters (i = 0 is allowed). Let p 1 , ..., p k be the minimal primes of (g 1 , ..., g i ). Then
and part of a minimal set of generators of I.
Since φ : a ։ I, the F j have lifts in T that are in a. SayF j = F j − X i G ji , where G ji ∈ T . Let S = T /(F 1 , ...,F m ). We want to show that F j is also part of a minimal set of generators for a.
Lemma 19. If F 1 , ..., F m is part of a minimal set of generators for I = ker(θ), then their lifts F j ∈ a are also part of a minimal set of generators for a = ker(θ).
Proof. Since F j are already in a, it suffices to prove that their images are linearly independent over k in a/na.
Consider a/na ֒→ T /na ։ T /(na
, where the last isomorphism holds because Im(n) = (Y ) and Im(a) = I. The images γ j of theF j in a/na maps to elementsγ j in I/(Y )I, which are the same as the images of the F j . Theγ j are k-linearly independent, so the γ j are k-linearly independent.
Recall that S = T /(F 1 , ...,F m ). A is a quotient of S. Consider the minimal free resolution of A over S:
Lemma 20. If x 1 , ..., x n is a regular sequence in a ring R, then K • (x 1 , ..., x n ; R) gives a free resolution of R/(x 1 , ..., x n )R. Furthermore, if (R, m) is local and (x 1 , ..., x n ) ∈ m, then this is a minimal free resolution.
The proof is given in section 1.6 in [BH] .
Proof of the Main Result. The x i form a regular sequence on S (since x i ,F j form a regular sequence on T .) Thus
Tensor the minimal resolution of A with S/(xS). This yields the following complex:
The matrices of the maps of this resolution have entries that are contained in (y 1 , ..., y m ), since the original resolution of A as an S−module was a minimal one over S, so that the maps of the original resolution were contained in (x 1 , ..., x n , y 1 , ..., y m ) = m S . Now
.., G t is a minimal generating set of a and J = (G 1 , ..., G t ),i.e, ideal generated by images of G k in S. Then t is the minimal number of generators of J = ker(S ։ A). Thus t = n 1 . Now a is minimally generated by m + n 1 elements. Hence m + n 1 = ν(a) = cid(A) + dim(T ) = cid(A) + (m + n). thus n 1 = cid(A) + n.
LetS denote S (x) ,Ā denote
. W denote ker(S ։Ā), Z denote ker(S n 1 →S), B denote Im(S n 2 ) ∈ m¯S ·S n 1 . Then by definition, ν(W ) = cid(Ā). We have the following short exact sequences:
(2) 0 → Z →S n 1 → W → 0 and 0 → B → Z → H → 0. Where H = Z/B, which is the first homology module of (1), i.e. Tor S 1 (S; A) = H A 1 (x; A). Now tensor (2) with K, we get the exact sequence:
But B ∈ m ·S n 1 , so
Therefore, n 1 = ν(K n 1 ) ≥ ν(H) + ν(W ), and ν(H) ≥ n 1 − ν(W ) = n + cid(A) − cid(Ā).
Corollary 21. When cid(A) ≥ cid(
A (x 1 ,...,xn)A ), we have ν (H 1 (x 1 , . ., x n ; A)) ≥ n.
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